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I. INTRODUCTION

In general, the balance equations that constitute the core of any model of transport of extensive
quantities in a porous medium domain are presented in their Eulerian formulation. The same
equations can also be presented in their Lagrangian formulation. In most cases, the reason for
switching to the Lagrangian formulation stems from a problem associated with the numerical
solution of the balance equation. It is well known that the term associated with the advective flux
in such an equation produces numerical dispersion. On the other hand, numerical dispersion is
avoided when the Lagrangian formulation is solved by the method of characteristics. Neuman
and Sorek [1], Neuman [2], Sorek [3-7], Sorek and Braester [8-9], Konikow and Bredehoeft
{101, Baptista [11], and Baptista et al. [12], among many others, have developed solutions of the
Lagrangian formulation of the balance equation for the mass of a component of a fluid phase. In
what follows, we shall extend this formulation to the general case of transport of any extensive
quantity, and introduce the concept of an apparent velocity, or modified velocity of propagation
of fluid variables.

A second reason for developing the (equivalent) Lagrangian formulation is that one can follow
the evolution of a variable of a fluid phase, or a component of one (e.g., fluid mass density,
pressure) along its characteristic pathline. The latter is associated with a characteristic velocity
of the particle (e.g., mass weighted velocity for a mass particle). However, we shall see that
the characteristic velocity of propagation of a variable can be obtained from the fluid velocity
by taking into account heterogeneity in various solid matrix and fluid properties. By doing so,
we obtain the reduced velocities that serve as characteristic velocities of propagation of these
variables.

The entire discussion will be at the macroscopic level. No special symbol will be used to
denote this fact.

Il. GENERAL CASE

Consider the transport of an extensive quantity, E, of a fluid phase occupying part of the void
space of a porous medium domain. Since we start by focusing attention on a single phase, we
shall omit the symbol that denotes this phase. Let S and e denote the saturation of the phase and
the density of E within it, respectively.

The Eulerian balance equation of E of a phase within a porous medium domain can be written
in the form

d(¢Se)
1573

= -V [¢S(eVE +IE) — fZ 5+ ¢SpI'?, )

where ¢ denotes porosity, V¥ denotes the velocity of the E-continuum, J’'Z denotes the dispersive
flux of E, due to variations in e and in VF at the microscopic level, fZ  denotes the transfer
of E from the considered c-phase to all other 3-phases across common (microscopic) interphase
boundaries, p is the mass density of the phase, and I'Z denotes the rate of growth (= source) of
E, per unit mass of the phase.

The Lagrangian form of the same balance is

Dy=
Dt

(¢Se) = —¢SeV - VE 1V . ¢SIE — fE 4+ $SpI'E, )

a—f3
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or
1Dye¢p 1DyeS lDVEe E 'E PE
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where
Dy(..) _a(.)
Dt = o TV V)

denotes the material derivative of (..} of a particle moving at a velocity V. The material derivative
is a way of expressing processes in a continuum. The material derivative of (..)Z of an E-
continuum expresses the variation of (..)Z in time as observed by following fixed particles of this
continuum, identified by their material coordinates, say, their points of origin. A description of a
process that makes use of the material derivative is also referred to as a Lagrangian description.

Since ¢Se expresses the quantity of E per unit volume of porous medium, the L.h.s. of (2)
describes how this quantity varies along the curve that describes the movement of the particle that
travels at a velocity VE. This curve is called the characteristic curve of the considered particle.
Similar interpretations can be given to the terms on the Lh.s. of (3).

Instead of employing the velocity VZ of the E-continuum, let us express the balances of E,
making use of the mass weighted velocity of the phase, V. The difference between the two gives
rise to the diffusive flux of F, relative to that of the mass of the phase. At the microscopic level,
we define the diffusive flux of E by j¥ = e(V¥ — V). At the macroscopic (averaged) level, we
define the diffusive flux of E, relative to the (averaged) movement of the mass of the phase, as

E—e(VE_-V)

Note that we have referred to the microscopic and macroscopic levels of description, but have not
employed special symbols to distinguish between the two.
Thus, another form of (1) is

2 (85e) =~ [9S(eV +3°F + 35|~ fE_; + 4SoT”, @

where J*F denotes the dispersive flux of E due to variations in e and in V at the microscopic
level, and JZ denotes the diffusive flux of E, relative to the mass averaged velocity. We often
combine the dispersive and diffusive fluxes by introducing the hydrodynamic dispersive flux,
JE(= J*E 4 J5).

Let us assume, as indeed we find in many cases, that the flux of hydrodynamic dispersion of
E can be expressed as a Fickian-type expression, i.e., a linear relation to the gradient of e. For
example, here

J;E = _DE . Ve, with DF = D? + DF, (5)

in which D is the coefficient of dispersion of E, and DF is the coefficient of diffusion of E (in
a porous medium). We can then rewrite (4) in the form

2 (85¢) =~V - [6S(eV ~ DE -Ve)] - f£.5 +4SpT". ®

The last equation can be rewritten in an Euler—Lagrange formulation, in the form

1Dy6 1DyS 1Dge DE
- = e _govieZE vy
6 Dt S Dt e Dt = (VVe) -
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where

V=v-_Lvgspr 8
is a modified velocity, due to spatial variations in ¢, S, and D¥, which serves as the charac-
teristic velocity for the propagation of e [12], in conjunction with a dispersion gradient, also
recognized an ‘ ‘apparent advective velocity,”” which is sometimes refereed to as ‘‘an additional
source term.’’

lil. MOTIVATION
The Eulerian form of (6) is, usually, rewritten in the Eulerian—Lagrangian (EL) form

%(que) = V.V4 L V. (¢SDF.-Ve)— L fE 4 Pre, ©

1

$Se Se

The motivation for introducing the modified form (7), which we shall henceforth refer to as

a Modified Eulerian—Lagrangian form (MEL), is to highlight the role played by the modified
velocity, \7, defined in (8).

The EL formulation is reported to be effective in overcoming numerical dispersion phenomena,
when simulating problems that are dominated by advection. In view of (8), it is argued that the
second term on the r.h.s. of (8) can play an important role in dictating whether a situation will
be advection dominant or not. Note that this influence may occur for governing equations with
no reference to V, or even when V = 0. We, thus, suggest that it may be preferable to simulate
advection dominated problems by the MEL-formulation, (7), rather than by the EL-formula-
tion, (9).

Moreover, we often implement the EL-formulation on the basis of presuming that advection
fluxes are dominant. Such an assumption, however, may not always be justified. It is, therefore,
preferable to implement the MEL scheme instead.

IV. PARTICULAR CASES

In order to gain some insight into the meaning of a modified velocity, (7), let us consider two
examples.

Example 1: Saturated flow in a porous medium domain.

We assume that:

1. Isothermal conditions prevail.
2. The fluid is compressible, with p = p(p). The fluid's compressibility, 35, is defined by

ldp

p dp,ﬂf’ = constant.

By =
3. The solid is slightly compressible, so that ¢ = ¢(p), with (e.g., [13]) a solid matrix
compressibility defined by

;
— ¢ dp

gl

o= = constant.
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However, we shall assume that the solid's velocity is much smaller than that of the fluid,
ie, |V]> |Vl

4. We neglect the dispersive flux of the total mass of the fluid phase.

5. No mass sources are present.

For this conceptual model, the mass balance equation may be written in the Eulerian-formulation
as

O¢p
bl ol N v AP YA V4
p V- ¢pV, 10
or in the EL-formulation as
1Dy¢ 1Dyp
ol - =-V.V 11
¢ Dt + p Dt ’ n
or, in view of the assumptions listed above, as
Dyp ¢
Ve _ _ Y \yg.V
Dt So v ’ (12)

where

So =¢85 +(1-P)a
is the specific storativity of the porous medium. We shall assume that Sy is constant.

At this point, we focus our attention on the r.h.s. of (11). We continue to assume that, although
we are considering a deformable porous medium, |[V| 3> | V|, so that Darcy's law takes the form

k
V=-=.(V Vz), 13
s (Vp + pgV=z) (13)

in which the fluid's dynamic viscosity, p, is assumed constant, and k is the permeability.
We can rewrite the r.h.s. of (12) in the form

¢ ¢ k
—I V.V = V.| = (Vp+pgV
S e 9 (Vp+ pgV=z)

1 pPg 1
= —[Vk+pgB°(k-Vz2)]-Vp+ = (Vk-Vz)+ —k:VVp, (14
uSo[ paBy(k - Vz)]-Vp uSo( ) 50 p, (14

in which we have assumed that |¢Vk| > |kV|.
We may, thus, rewrite the mass balance equation in terms of pressure only, in the form

Dsp _ pg 1
=V = 27 (Vk- —k: 15
i 5 (Vk-Vz) + P VVp, (15)
where
~ 1
=V -—(Vk Pk - 16
A\Y 50 (Vk + pgBk - Vz) (16)

is the characteristic (= reduced) velocity for changes in fluid pressure. We note that the reduction
in velocity is due to the fluid's compressibility, and to the spatial variations in permeability.

Finally, before leaving this example, let us assume that the deformation is such that the solid's
velocity cannot be neglected. We note that Darcy's law actually gives the velocity of the fluid
relative to the solid, viz.,

V-V, =V, = —% -(Vp + pgV2). 17
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Then, the mass balance equation for the fluid, (10), becomes

0
%0 — V4oV =~V 4V, ~ V- gV,
= =V -V¢p—¢pV -V, —¢pV -V,
(18)
From the mass balance of the solid matrix, assuming that p; is constant, we obtain
1 D D
V.V, = vo¢ _ ,Dv.p (19)

“1-¢ Dt %Dt

By inserting (17) and (19) into (18), and rearranging terms, we obtain the fluid's mass balance
equation in the MEL-form

D",p _ 1

- - " V'r’
D¢ a+¢ﬂ,’,’v ¢ 20)
in which
N 1
V=——_(¢8°V +aV,), 21
or,
D",p 1 1
= — : * 22
in which
~ 1 1
v=V-—w— V-V, —Vk Pk :Vz]. 23

We note the effects of (a) the solid's velocity, (b) the heterogeneity in permeability, and (c) gravity,
in the fluid's reduced velocity.
Example 2: Transport of a single component in unsaturated flow.

We consider the case of a single y-component in an ¢-phase liquid that occupies part of the void
space, at saturation S. The same component can also be adsorbed on the solid matrix (s). To
eliminate the rate of transfer due to adsorption of the y-component between the fluid and the solid
phases, in the mass balance equation for v, we write the mass balance equation for the considered
component in the porous medium as a whole. With ¢, and ¢; denoting the concentrations in the
liguid and on the solid matrix, respectively, and assuming the absence of external sources and
sinks, we write this balance equation in the form:

%[q&ch +(1—-9¢)cs) = =V - ¢S(ceV — Dy - Vey). 24

Assuming that adsorption is governed by a linear equilibrium isotherm,
c

= = Kacr,

Ps

in which K is the partitioning coefficient (= volume of fluid per unit mass of solid), we rewrite
(24) in the form

[0S + (1 — §)psKglce = =V - ¢S(c/V — Dy - Vey), (25)

SIS
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or
e}
a(qf)SRdCe) =-V- d)S(CeV - Dh : VCe), (26)

where

Ry=1+(1-9)psKa/dS

is known as the retardation factor.
Noting that Ry = R4(¢, S), we have

a _ dce o¢ a8 ORy
'a—t(¢SRdCe) = ¢SRd Bt + SRdCegt' + ¢Rdcea + ¢Scew
_ 66@ 6(15 a8
= (,‘bSRdE + SRdCea + (,‘deCea
1-¢0S 1 9¢
psKgpSce ( 552 ot + (152—35) ) @n
and
V- [¢S(Dh . VCe)] = V((,‘bSDh) -Vee + ¢SDy, : (VVC@).
We can now rewrite (26) in the Eulerian—Lagrangian formulation, as
i D{,Ce l Dv¢ l DVS _ Dh . r 66@ T 6(1 - ¢)
@Dt Tept st VNVt iVYWVeT g 1= a0 B
in which r = (1 — ¢)ppKa/$S, and
o V(¢SDy)
v=V Y

We note here the effect of the spatial variations in ¢, .S, and D, on the velocity of propagation
of the concentration.

A. General Aspects

Although the aforementioned two examples were presented as particular cases, we shall use
these examples to address general aspects associated with their specific Eulerian-Lagrangian
formulation.

1. Hyperbolic Characteristics

We note that in (14) we differentiate the flux, k - Vp, leading to two terms: one associated
with Vk and the other with VVp. We suggest that the flow equation (Example 1) may be such
that [Vk - Vp| > |k : VVp| due to a steep gradient in k. Similarly, in the transport equation
(Example 2) due to a steep gradient in the hydrodynamic dispersion, we may encounter the case
[V(¢SDy) - Vee| > |¢SDpbf : VVece|. In both cases the equation becomes hyperbolic. The
validity of this argument can be demonstrated, for the sake of simplicity and with no affect on the
general conclusions, in a 1D case.

Let us consider a problem in which advection dominates. For example, for a 1D case, let the
problem be described by a first-order hyperbolic equation in the form

Ou 0

u
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in which u, A, and f denote a generalized intensive property, a velocity, and a source, respectively.
Consider the case in which transport is due to both advection and diffusion—dispersion. Such
a case is described by a parabolic equation in the form

Oou du %u
I P > Sl
ot * Oz oz
in which B denotes a generalized diffusion—dispersion coefficient (e.g., hydrodynamic
dispersion).
We note that for a prescribed characteristic length, L., the condition |B| < |L.A| will make
(30) similar to (29). Furthermore, we may rewrite (30) in the advection—dispersion form

+ £, (30)

ou ou 0 ou
E-FC%—% (B%> + f, 31
where C' may be regarded as a kind of velocity that, in view of (30), is related to A and B by
B
C=A+ ?—— 32)
oz

We note that C' is comprised of a velocity component, A (e.g., the phase velocity), and a component
resulting from the gradient of the generalized diffusion—dispersion coefficient. The extent to
which an advection—dispersion equation is considered hyperbolic (i.e., dominated by advection)
is commonly related only to the Peclet number, P, which is considered to be a function of the
velocity A. However, in view of (31) and (32), we may generalize this definition and write

_LC L, 8B
P.="% _E(A+%>. (33)

In view of (33), we note that (31) may be dominated by advection also in cases with steep gradients
of B, and/or when A = 0.

We argue, however, that the hyperbolic characteristic of (31) is not controlled only by P,.
In view of (30), we may construct a valid example for such an argument. Consider the case of
P.=0(e,C=0= A= -%)and B = B(z), such that | B| < |L.32|. Moreover, the
advection—dispersion equation, (33) may be transformed into a pure dispersion equation. To do
s0, let us multiply (31) by A(z) # 0, and assume that

0 ou ou 0 ou
V2 (52) a0 2 (). o

The equality between both sides of (34) can be ensured if

xc = -2 (35)
oz

which is solved by

*C(n)
A=A exp[—/ —2dn| . (36)
o o B(n) 7
Thus, we may use (36) to rewrite (31) in the form

Zu_ 9 (B,\QE> +Af. (37)

8t Oz oz
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We note that (31) and (37) are equivalent. While (31) maybe associated with a high P, number,
(37) with the same characteristics, does not lead to a P, number, since it does not contain a
velocity term. This duality, however, can be resolved by realizing the role of the gradient of B,
and using the definition (33) also for equations with A = 0.

2. Discontinuity

In what follows, we still address the differentiation of the divergence of, say, the flux k - Vp [or
%(Bg—:) as in (31)]. In view of a possible discontinuity in k (or B), such operation may be
questionable.

Let us first draw attention to the fact that a discontinuity in B will also condition % to be
discontinuous. In such a case, u is not differentiable in the classical sense and, instead, we have
to use generalized functions, e.g., the Heaviside step function. This conclusion applies also to
%%. This is discussed, for example, in Rudin [14], Antosik et al. [15], and Zemanian [16].

A gradient of a discontinuous B will lead to the appearance of a §-function. We note that in
3D, %% does not appear on the r.h.s. as a coefficient multiplying ;‘%. Instead, it was moved
to the L.h.s. of (31), to be associated with a pathline, characteristic, equation. In view of (32)
this yields a mathematically well-posed ordinary differential equation (with the é-function on its
r.h.s.), in the form,

dr OB

dt oz’ (38)
Hence, in terms of generalized functions, the conditions of being mathematically well-posed and
physically meaningful remain intact, even when k is discontinuous.

3. Relevance

Differentiating the product B ‘g—’; will result in a nondivergence form of the accompanying balance
equation, which, in view of the possible physically irrelevance between these factors, may seem
questionable.

Nondivergence procedures can be found (e.g., Oran and Boris, [17]; Gyarmati, [18]) in ref-
erence to simulating shock waves propagation. In such problems, the fluid mass density, p, and
its velocity, V, are discontinuous across the shock front. Nevertheless, the divergence (Eulerian
formulation) form of its mass balance equation,

op
— +V.-pV =0,
at TV P
is written in the nondivergence form (Eulerian-Lagrangian formulation):
Dyp
—_— V-V =0.
Dt

We further note that transonic flows are often simulated (Miles [19]; Nixon [20]) on the basis of
associating the velocity with a potential function, ®, such that

V=Vo.

Thus, the analogy, A = %—f, with the proposed methodology becomes obvious.

Altogether, both approachs, the divergence and the nondivergence one, are valid for various
balance equations. The decision as to which one to use in a particular case depends, for example,
on the simulation procedure (Samarsky, [21]; Forsythe and Wasow, [22]).
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4. Simulation

- . . 2 .
The fact that Vp may be discontinuous does not imply that VVp [or ‘;—I’é as in (30)] cannot be
approximated for simulation purposes. As an example, in transonic aerodynamics we simulate
the 2D motion equation in terms of a potential, ®, function, in the form

, [89\%| 820 0% 6% 520 , [09\?| 5%
e’ — | — = —2————+ |6 — | = — =0,
ox Ox? Oz Oy Oxdy Oy Oy?
in which a denotes the sound speed, and the terms V'V ® are approximated, although the velocity,
V(= V®), is discontinuous at the shock front.

Furthermore, following Atkinson [23], both the divergence and the nondivergence formulations
may yield the same discretized forms. In view of (31), consider the divergence operator, £, in

the form
0 ou
Lu=— — )} =0.
u E (B 83:) 0 (39)

The discretization of L is known to be robust. Anequivalent discrete form to the above divergence
operator, L, is
pu =200, =0 (40)
- 8$ ) — ’
in which U and b denote the approximate values of v and B, respectively, assigned at an ¢ node
of a prescribed grid, and Uz denotes the approximation for g—g. Two valid forms are obtained by
differentiating (39) and (40), respectively. These are

_8Bou  _8%u
and
_ b Uz

If we choose the b; terms to be equal to the central differences approximation for B(= B;+0.5),
namely

bi = Bivos = (B; + Bit1)/2, (43)

then, in view of (43), expressions (41) and (42) become equivalent for a central differences
approximation. Moreover, it is demonstrated by Samarsky [21] that the central differences ap-
proximation of (39), for a discontinuous B coefficient, will yield only first-order accuracy. Such
may not be the case when approximating (42) by the MEL-formalism.

V. PRIMARY VARIABLES

When we consider a transport problem in a porous medium domain containing multiple multi-
component fluid phases, in a deformable porous medium, we usually have a rather large number
of independent variables that together describe the behavior of the system. For example, we need
one mass concentration for every component of every phase (including the solid in the case of
adsorption), one pressure for every fluid phase, one saturation value for every fluid phase, one
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fluid velocity (= density of momentum) for every fluid phase, the velocity of the solid matrix,
and a temperature for each phase. To solve for these variables, we have a number of mass (of
phases and components), momentum and energy balance equations (in the form of second-order
partial differential equations).

However, due to various relationships among the variables, including definitions, constitutive
relations and thermodynamic ones, especially, when the system is assumed to be under equilibrium
conditions, only a relatively small number of variables are primary ones (or base variables) for
which a solution is required. For every primary variable, a balance equation with appropriate
initial and boundary conditions has to be solved. Often, these equations are coupled to each other
due to exchange terms and to thermodynamic relations between adjacent phases in equilibrium.
All other variables may be derived from the primary ones, by making use of the thermodynamic
relationships, the constitutive relations, the definitions, and the remaining balance equations,
which now serve as definitions.

In the theory of thermodynamics, Gibbs phase rule states that under the assumption of equilib-
rium among all phases and components, and thermal equilibrium, the number of primary variables
(= number of degrees of freedom), N F, for a system of NP phases and NC components, is
given by

NF=NC-NP+2.

Bear and Nitao [24], following the development of Gibbs phase rule, proposed a rule for the
number of degrees of freedom, N F' (abbreviated N F'-rule, or N F'R) for a system composed of
multiple multicomponent phases in a deformable porous medium, under nonisothermal condi-
tions. They assumed that the system is (1) in thermal equilibrium, i.e., all phases and components
have the same temperature) at all times; (2) in chemical equilibrium, i.e., that the chemical po-
tential of a component is the same in all phases; and (3) in mechanical equilibrium, i.e., that the
statically derived capillary pressure relations is applicable, or that the system undergoes only slow
and small changes, so that it can be assumed to undergo a succession of equilibrium states such
that it is always close to equilibrium. Under such conditions, they found that

NF=NC+NP+4.

If Darcy's law is used to determine the velocities of the N P fluid phases, N F’ is reduced
by NP.

When the solid matrix is nondeformable, the NV F' is reduced by 3.

When isothermal conditions prevail, the N F" is reduced by 1.

In what follows, we shall make use of this rule under the assumption that equilibrium conditions
prevail.

VI. EULER-LAGRANGE FORMULATION IN TERMS OF PRIMARY VARIABLES

We can now combine the discussions presented in the previous sections. Letag, k= 1,2, ...,
NF, denote the NF primary variables of a problem. This means that all the variables of the
problem can be expressed in terms of these ones. Actually, it should be noted that primary
variables may be introduced into the sets of balance equations and the holonomic constraints, but
not into nonholonomic constraints (i.e., ones that cannot be integrated). We then need to solve
N F balance equations.

Thus, if e denotes a typical variable, then e = e(ay), with ax as a symbol meaning all ay's.
For example, we may have S = S(ax). However, we may select .S itself as a primary variable.
In general, model coefficients may also be functions of the ax's, e.g., & = ¢(ax), k = k(ag).
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Let us introduce coefficients defined by

Xi = %% = %l::, e.g., xf = a% etc., (44)
for all model variables and coefficients. We may then write
g: = ka;:k Ve = ex;Vax,
in which the summation convention should be invoked. This means that
k=NF
XiVay = Z XiVag.
k=1

We note that the x's need not be constant; they may depend on the ay's.
With these relations, we may rewrite (7), which is a typical balance equation in a transport
model, in the form

ak < Dvg ok
(Xk+Xk) Dy + Xk l(;t

=—V-V+DE L XV + X Vam) + VxE] - Vap — —=— faqﬂ+”rE (45)

@Se

[no summation on subscript (k)}, where
Vi =V -VDF -DF: (x5 +x5)Vam

is the reduced velocity, associated with the propagation of the primary variable aj, along a
characteristic pathline. We recall that the summation convention is invoked, so that on the Lh.s.
of (45) we sum 2N F' terms.

We note here, and as a rule, that whenever we have a diffusive flux of an extensive quantity
(here E), expressed by a Fickian-type flux law, the velocity of propagation of that extensive
quantity is reduced. Part of the reduction stems from the heterogeneity in the coefficient of the
diffusive-dispersive flux, DZ.

A second form of (45) is

Dy P

1
O +xE +x0) =gy = -V VXD VVar — o 125+ T, d6)

where
Vi =V = By[VDE +DF : (x5, + X5 + X5)Vam] — AgDE : Vx5,

in which
Xk 1 .
By = % Ay = —5——g——» o summation on k.
Xk+X + X§ Xk+X +Xk

Let us focus attention on one of the primary variables. As an example, let S be selected as
one of the primary variables, with k referring to all NF' primary variables, and r referring to the
remaining (NF — 1) ones, i.e., e = (S, a), ¢ = ¢(S, a,), and

de . 0S cOar e .
5 = Xsg + eXr 5 Ve =exsVS+ex;Va,.
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We note that
da oS ar
xia—tk =Xs5; T Mg XkVar = x5V5S + X Vay, etc,
and that
1
s s
=0,y3 = =.
Xr XS S

Then, from (46), we obtain the balance equation

o s v’ e e Pt
e ] e r
1
= —V.V+x3DE : VVS + x:DE : VVq, — Eff*ﬂ + grE, 47
where

Vis)y =V~ Bs)[VDF + DF : (xS + x& + x&) V8] — AsDE : Vx5,

Vi) =V = B [VDE + DF : (x? + x2)Va,
+DF : (x§ + x5 +3x3)VS] - A DEF : VxE,  48)

in which

Xs 1

Bisy= 55— Ay =5 ————
X+ x5+ x5 X5+ X5+ x5

, NO summation on S,

€
r

7 s Ay = ¢—1—, no summation on .
Xxr + X7 Xr + X7

The same equation can be obtained from (7).

Equation (46) constitutes a single equation (= balance equation for F) in the N F primary
variables, ay, of the problem. On the Lh.s. of each such equation we have N F' terms, each involv-
ing a material derivative of one of the primary variables. Each material derivative is associated
with a reduced velocity, \7( k). We have N F such equations, so that we have a complete set, and,
in principle, a solution for all ax's can be obtained. All other variables can be calculated from
the primary ones, making use of definitions, thermodynamic relations, the remaining balance
equations (which now serve as definitions), and constitutive relations.

Finally, we may rewrite (46) in the general form

Biry =

(x? +x% +x.)Lx = RHSF k= 1,2,...,NF, (49)
where
D-
Lr= 2, (50)

and RHSE denotes the r.h.s. of (46).
Each of the V F primary variables is being translated along its own characteristic path defined
by

Dy N
B¢ = Vo, 5D
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where x(¥) is the spatial location of the particle of the kth primary variable.

Let us assume that the RHSZ's of all N F equations are known. For example, in a numerical
model, we may freeze the value of the r.h.s. at the previous time interval. Or, we may assume
some initial value, and then update in an iteration process. Then we have a set of N F’ equations
for the /VF unknown values, £;. We assume that all the x{'s are known (although this is not
always the case, as the x}'s may depend on the a;'s; iterations may then be required). These
equations may then be solved by some simple direct method. Then the value of each a, can be
determined in the considered domain by the method of characteristics, with the reduced velocity,
V(k), along the characteristic path defined by (51), and

Dy ar _

Dt =Ly, k=1,2,...,NF. (52)

Consider the following example. Let saturation, .S, phase pressure, p, and temperature, T,
represent three (of the N F') primary variables of a problem. The remaining NF' — 3 primary
variables will be denoted by a,,r =1,2,...,NF — 3.

Since we have explicitly introduced here pressure and temperature as primary variables, we
may express V - 'V, appearing on the r.h.s. of (47), in terms of S, p, T, noting that p = p(p, T').
We obtain

1
-V-V= @[ngk:Vz+k:VVp
+ (Vk+ pgfBk : Vz) - Vp+ pgkxs. VT - V2. (53)

Then, from (46) we obtain

D—~p —— —~— D—~—a,
¢ ey_ Vi) ¢ e v(T) ¢ S e V(s) U(r)
O +Xp) =y + (X7 +X7) —5;— + (s + x5 +X5)—p,— + ¢+ X2) =y

k e
= (Xf»Df + @) VV, + x2x¢DE : VpVp + x5DF : (VVT + x2VTVT)

+x5DE : [VVS + (Xs +1)VSVS] + x2DE : (VVa, + x¢ V)

p B
+ 9k ve— — g+ F (54)
i e
where summation is invoked only for r. The various reduced velocities are
~ 1 e
Vo=V — Dy [(Fx5 + Xpx7) VT + (xEx5 + Xpx& +X5) V'S
XP + Xp
+ (x®x¢ + x%x%)Va ]_; V( eDE)+—1—(Vk+ﬂ” k:Vz)
Xr Xp pr.,- r g o Xp h ¢# ppg . )
P
- 1 e
Vo=V ———DF: [(x§x5 + X3x& + x5)VS + (x5 + x5x5)Var]
Xt + X7
1 e 1
- [V(XTDE )+ —(xTpgk: VZ)] ;
XT + XT ¢ﬂ
- 1 E . e 1 ey E
Vs =V——————DF: (x§x¢ + x¥x5 + x§) Va, — 5 V(xsD%),

X3+xb+xg " X3+ x5 +x%
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V., =V - ———V(:Df).
Xe + Xr

We note the material derivatives of S, p, and 7" on the Lh.s. of (54), as well as of all other primary
variables. We have included gradients of the primary variables S, T, and a, in the modified
velocity, \-/p. Similarly, we have included gradients of S and a, in V7, and gradients of a, in
v s. Equation (54) is but one form of rewriting (46); other forms, with different definitions for the
reduced velocities, are also possible. The selection of the expressions for the modified velocity
presented above is based on the assumption that pressure changes are evolving more rapidly than
those of temperature, which, in turn, are assumed to evolve more rapidly than those of saturation.
In a numerical scheme of solution (to be discussed in a sequel article), this will allow us to solve
for pressure by taking values of the remaining primary variables at an early iteration, and then
proceed to update the values of these variables.

VIi. EXAMPLE

‘We have established a methodology for expressing the balance equation for any extensive quantity
in a MEL formulation in terms of selected primary variables. Let us demonstrate the methodology
through an example.

We consider the flow of a single liquid phase (essentially water) in the unsaturated zone under
isothermal conditions. The porous medium is deformable, i.e., 3¢/3t # 0. However, for the
purpose of this example, we'll greatly simplify the deformation model.

A. Conceptual Model
The following assumptions constitute the conceptual model:

[A.1] The unsaturated zone contains a liquid (essentially water) and a gas. We assume that
the gas is at approximately atmospheric pressure. The movement of only the water is
being considered.

[A.2] The system is under isothermal conditions.

[A.3] The water carries a nonvolatile contaminant that can adsorb on the solid. We assume
that the contaminant in the liquid and on the solid are in equilibrium.

[A.4] The dispersive and diffusive fluxes of the liquid's mass are much smaller than the
advective one and can be neglected. There are no liquid sources within the domain
(e.g., no evaporation or condensation).

[A.5] In the averaged momentum balance equations for the two phases, we neglect the
exchange of momentum across their common microscopic interface.

[A.6] Inthe averaged momentum balance equations for the liquid and for the porous medium
as a whole, we neglect inertial effects and fluid—fluid momentum transfer. This
reduces the averaged momentum balance equation to Darcy's law, with an effective
permeability that is a function of the saturation.

[A.7] Theeffectof fluid shear stress, 7, is much smaller than that of pressure in the expression
for total stress.

[A.8] The solid matrix is deformabile.

[A.9] The solid’s density remains constant.

[A.10] External loads are not changed, so that the total stress within the considered domain
remains unchanged with time.
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B. Mathematical Model

The above conceptual model leads to the following mathematical one.
Mass balance equation for the liquid phase (¢):
0(¢Sepe)

ZELL = V- (S Ve), (55)

where Sy is the liquid's saturation. The same equation can be written in a form that emphasizes
the relative velocity (V, = V, — V), defined by Darcy's law, viz., in the form
(¢S
(—%:p—e) = —peV - (9Se V1) — peVs - V(¢Se) — ¢SepeV - Vs — ¢Se V- Vpg.  (56)
Mass balance equation for the solid matrix (s):
With assumption [A.9], and neglecting the mass of the adsorbate on the solid, we have

0
(1= 9 ==V [(1-¢)V.], (57)
or
1 0¢ _ 1 Dy¢

Mass balance equation for a contaminant in a porous medium:
This equation has already been presented above, in the form of (26). For convenience, we
shall rewrite it here:

O(¢SeRacy)
ot
where the retardation factor is defined by

Ri= Ra(¢,S¢) = 1+ (1 — ¢)psKa/Se.

Momentum balance equation for the liquid phase:
Making use of assumptions [A.6] and [A.7], this equation takes the form of Darcy's law

_ke(Se,e,)
He

in which py is the pressure in the liquid, 4 = p(ce) is the liquid's dynamic viscosity, assumed to
be a function of the contaminant's concentration, ¢y, and k; is the liquid's effective permeability.

The latter depends on the saturation, Sy, and on the surface tension, Ve, » Which, in turn is a
function of ¢, (as we have assumed here, isothermal conditions).

Momentum balance equation for the porous medium:

Since we consider here a deformable solid matrix, a balance of momentum for the porous
medium, as a whole, is required. It is obtained by summing up the three macroscopic momentum
balance equations for the individual phases, in order to eliminate the terms that express interphase
momentum transfer between the fluids and the solid across common (microscopic) boundaries.
For the case in which inertial effects, friction within the fluid phases, and the capillary force
arising from the surface tension between the two fluids at their common curved boundary can
be neglected, Bear and Bachmat [25] develop the averaged momentum balance equation for the
porous medium as a whole (= equilibrium equation, in the form

V.o + ppgVz =0, 61

==V - ¢8Se(ceVe — Dy, - Vey), 59

qre = ¢Se(Ve — V) = (Vpe + pegVz), (60)
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where py(= @Sepe(pe, ce) + ¢(1 — Se)pg(pg) + (1 — phi)p,) is the bulk density of the porous
medium, and o denotes the total stress (a symmetric tensor). Usually, we assume ps = const.
Thus, ps can be taken as known, once we know p, and c¢. For an unsaturated zone, assuming
pg = 0, they express the total stress in terms of the effective stress (a symmetric tensor), o', and
the pressure in the fluid, pg, in the form

o: = o — ((Se)ped, (62)

where ((S¢) is a coefficient that takes into account the presence of gas in the void space.
(From assumption [A.10], it follows that
do ; 8C (S ¢ )pg

o .0, 0 _
aat = 07 aas - ot [C(Sf)pf6]7 ot - It ) (63)

in which o, = éa;ii is the first invariant of the effective stress tensor.
Modeling porous medium deformation:

Introducing the momentum balance Eq. (61) is the first step in modeling porous medium
deformation. Let us supplement this equation by introducing other elements of the deformation
model, until a complete model is derived. Already from (62), we may note the coupling between
the flow and deformation models, through p,.

Assuming, as an example, that the solid matrix is isotropic and elastic, the constitutive rela-

tionship is [25]

ol = p(V - w)8 + N, [Vw + (VW) T]| = p ek + 2)se, (64)
with
_ 1 T _ D, w
Gsk—éii—V'W,6—2[VW+(VW) ],VS— Dt , (65)

where ¢ and €, denote the strain and the dilatation of the solid skeleton, respectively, w denotes
the skeleton's displacement, and )}, ¢+, are the two Lame constants of the skeleton.
We also need the mass balance equation for the solid matrix (57), or (58). We may rewrite the

last equation in the form

_ Dy 1 Dy
V-V == “1-¢ Dt

(66)

Let us regard the issue of porous medium deformation in the given domain as a separate
problem, with variables:

/ ’
0:,0,,04, W,V €65, and ¢,

i.e., 27 scalar variables. Given p and c¢ from the remaining flow and contaminant transport
problem, we have the following 27 equations: (61)—3 equations, (62)—®6 equations, (64)—6
equations, (65)—0 equations, (66)—2 equations, i.e., 27 scalar equations. Thus, given p and c,
the deformation problem can be fully described by a closed set of equations, which is decoupled
from the flow and transport problem.

The large number of variables can be reduced to 3 primary ones, for which we have to solve the
three scalar partial differential equations (61). Making use of the constitutive equation in terms of
w, we may easily rewrite (61) in terms of w, and select the components w; as primary variables:

(s + X)V(V - w) = V[C(S)p] + XV - VW + ppgVz = 0.
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We note that in view of the relationships between ¢, €%, and o, we may write the (experi-
mentally derived) constitutive relationship symbolically as

¢ = ¢(ay), (67)
or, in view of the relationship
o = (3N, + 2, )esk.

(From the solid's mass balance equation, (66), it follows that ¢ = ¢(e,x), or, explicitly

= exp(€sk), (68)

with ¢ = ¢ for e, = 0.

Once w has been determined, we can determine all other nonprimary variables from the
equations and definitions listed above.

Having, thus, established the complete deformation model (except for initial and boundary
conditions), we can now return to the flow and transport model.
The complete flow and contaminant transport model:

In addition to the variables that describe the deformation of the solid matrix [including ¢,
obeying (67)], we have the 7 scalar variables:

Slvplvpe7cf9 ‘/Z'i'

To solve for these variables, we have 7 balance equations: (56), (59), (60)—3 equations, and the
two constitutive relations:

pe = pe(pe, ce), (69)

De = pc(SZ7 ’Ylg(cf)) = —P¢. (70)

We also need information on

Rd = Rd(Sly ¢),,LL = /,L(C[),k = k(537739)7

Yge = Yge(ce), $ = ((Se), Se = Se(Pe; Yeg),

neglecting the effects of changes in ¢ on k, which we have not counted as variables.

In what follows, we shall assume that the deformation model can be decoupled, thus focussing
on the flow and transport model. In principle, the methodology presented above is also valid for
an anisotropic porous medium, with appropriate constitutive relationships. We shall, therefore,
extend the discussion below to such a model, making use of (67) as a constitutive relationship,
assuming that o, has been determined from the deformation model. We also note that V, can be
determined from that model.

C. Primary Variables

Atthis point, we note that for the model considered here: two phases, three components, isothermal
flow, and a deformable porous medium, the number of primary variables is givenby NF' = NC.
However, since we have assumed gas pressure to be always atmospheric, N F' is reduced to 2.
We select pressure, pg, and contaminant concentration, c,. Henceforth, they will be denoted
as p and ¢, respectively. Similarly, p, i1, and .S will be used to denote py, 11¢, and Sy, respectively.
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We note that the functional relations (67) and (69) are not given in terms of primary variables.

To obtain a solution, we have to solve two balance equations. We select to solve the liquid
mass balance equation, (56), and the contaminant mass balance equation, (59).

Once we have solved these equations, and, obviously, we have to provide appropriate initial
and boundary conditions for them, all other variables can be determined.

The mathematical model, or more specifically, the balance equations, have been presented in
their Eulerian form. Let us now employ the methodology presented above to rewrite the model
in its MEL formulation.

D. MEL Formulation
1. Mass Balance Equation for the Liquid
In order to rewrite (56) in the MEL form, we note:
a. From (69), we have
op 6p dc 0 0
-z _ 71
v p( X5 3¢ +xcat) Vp = p(xpVp + xtVc), (7

in which the x's, defined in (44), are known (here and everywhere else).
b. From (70), we have

a8 S (9p S dc
— =35 — ), VS8 = v 72
5t (x,, o TXe g ) VS =5k SVp+xZVe), (72)
where, because p. and 74 are not primary variables, we have introduced
dp dry
s c. S _ S S _ 9.8
Xp athpc - —ch! Xc - dc X'ﬂg'

We note the slightly different structure of the x's whenever the dependence is not directly
on primary variables, but through some intermediate functional relationship. These modif
ied x's are also known. Alternatively, we could modify the original definition of x;_ by
replacing ay by any variable, not necessarily a primary one, as long as the relationship
between e and that variable is known.

¢. From (70), (67), and (63), we have

% — %%_EM=¢X¢, [(C deC S) P dg¢ x5 d’Ylgac

ot  do! 8t  doa, ot a5 ) 3t TPSa5% qe ot

(AP 0 g B 4o
= o (0% +4.5) Vo= 2290, = L 9L(SH

#(ApVp + AcVe), (73)

i

where

¢ s ¢
Ap = (C PSS X |5 yAc = ,pS dSXC

d. From k = k(S,~s), and p = p{c), it follows that

1 k ok Kk
v(ﬁ) = le+k-V(;) (6 VS + — vwg)—ﬁ-w

o M oS 6 Yeg
1 o ok Ok dveg M }
_ e - .Veb. 74
,u{SOS Vp+[655 +3’7zg 7o kx* c 74)
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e. For the Lh.s. of (56), and in view of (69)—(73), we can write

0(¢Sp) _
ot

f. Making use of (60) and (74), we write

8 8

k
V- (¢SV,) = —pV- [ﬁ -(Vp+ ngz)}
k k k k
= —pV (—) : [uk‘l— (Vp+ ngZ)] - p—VVp ~Bgvp-v2
r T 7
= p [qsszx,ix‘; v, —xz% V2 ] - Vp - k; vVp

d k
+p [¢S (XwgSXs + Xy xé‘I) 2 x@% -Vz| - Ve,

de
(76)
where
X5 = Sok ik, = e
g. From the Solid's mass balance equation, (58), we obtain
v-vF%[A (‘;’t’+v Vp)+Ac(g§+V w)] )
h. For the second term on the rh.s. of (56), and in view of (73) and (72), we write
pVs - V(6S) = p¢SV, - [(x5 + 4p) VD + (xS + Ac)Ve. (8)
i. For the last term on the r.h.s. of (56), and in view of (71), we write
#SV - Vp = ¢SpV - (x;Vp + x2Vc). (79)

With the above expressions, (75)—79), we may now rewrite the liquid mass balance equation,
(56), in terms of the primary variables p and c, in the form

1 op 1 dc

P S _ -

PSp [(x,,+x,, 14 _¢Ap) 5t (xc + x5 + 1_¢Ac) Bt]

1
s
= —popS [(XZI - SXst) V,+ (XZ +xp + mAp) V, — Xp(bT,u .Vz] -Vp

_ S SSk d’ﬂ!]k P _ Il -V
PES 3 [Xoeg X5 + —5 X3, T (XE — XE) r

1 kpg kp
+ (XZ + Xf + mAc) V, — c ¢S VZ} Ve+ 7 : VVp. (80)

Once we have the Eulerian form of this equation, we can rewrite it in the MEL formulation.
We obtain

1 Dgmp 1 Dgme k
o S P P S Ve o _ .
(Xp +xp + T ¢AP) Dy + (xc + xz + = ¢Ac) Dt 355 VVp, (8D




..BALANCE EQUATIONS IN POROUS MEDIA 525

in which
. 4 G k
Ym o _Xe x,,lxs V4V, — P9 Xp V2,
Xp+ X5 + 1254p OSuxh + x5 + 254p
d
o X5, Sx5 + e xw_,, (xe —x
c * r + Vs
Xc + Xf + A
kpg Xe

- -Vz. 82
pSuE e+ LA o &

Following the definition in (51), let us note the interpretation of the reduced velocities, V s

and V;", defined above. We are dealing with the movement of a particle in the continuum
corresponding to the mass of the phase. Motion in this mass continuum is associated with
changes in pressure and concentration. The velocity V' expresses the instantaneous velocity of

propagation of the pressure in the mass continuum. Similarly, \.’g" expresses the instantaneous
velocity of propagation of the concentration of the component in the mass continuum. In each
case, the velocity of propagation is tangent to the instantaneous trajectory, or characteristic
curve along which the considered property (pressure, concentration) would travel, maintaining
its instantaneous value.

2. Mass Balance Equation for the Component in the Porous Medium

This equation is the same as (28) presented above in Example 2. However, we have now to
rewrite it in terms of the primary variables, p and c¢. Also, in the example considered here,
the solid matrix is deformable. This means that V = V. + V,, where V.. is obtained from
Darcy's law.

We can now rewrite (28), which was obtained from (26), in the Eulerian-Lagrangian formu-
lation:

1— Dgp - Djrc
(xﬁ + _¢TAP) LG (Xc + xSRy + ¢TAC) ve

t-¢ bt 1-¢ Dt
= D—f :VVe +—— \AV, (83)
¢ oSu p,
in which
~ 1 1
V= ———— S+_—A)V —SXSk'V.,-
xS+ A [(X” 1—¢°7)°° pXs
o PY
T Xp g5, k- Vz—xxp + Ap)DY -VC]. (84)
v ! dye
Y — S k G7eg |k e wn )
VC—XC Rd-f-l—ﬂA {[X'ﬂgSXs'f‘ 40 X749+(Xc Xc)I] V.,

1
+(x2+xf+——l_¢Ac>V "f; k-Vz

- X VDE —x:(x? + 4D - Vel )
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and x¢ =1/c.
The mass balance equations: (81) for the mass of the liquid phase, and (83) for the mass of a
component, may be combined in the matrix form

xS+ s XX+ g %
{xp-#ﬁ‘j%/lp X5+ xiRa+ 124 | | %
. (xS + i)V (e+xd+5) Vp
(X,, + 1A )y (x4 xR+ i2A) VY| L Ve
= [ asn VP ] (86)
VVc+¢Su VVp

The interpretation of the reduced velocities, \7;,’ and \.’Z, is analogous to that given above for

\7;” and \72", except that here the considered continuum is that of the mass of a component of
a phase.

3. Qutline of a Solution Scheme

The passage from the Eulerian description to the MEL one was proposed here because of certain
advantages that the latter has over the former (in addition to highlighting the idea of reduced
velocities of propagation of various properties, as a consequence of resistance and storage mech-
anisms).

The two MEL equations to be solved are (81) and (83). They are highly nonlinear, as the
various reduced velocities and some of the terms depend on the pressure and the concentration
(which are the primary variables of our problem). Furthermore, the two equations are coupled.
Given the constitutive relationships, the various x's can be determined at every instant. Similarly,
the reduced velocities may be determined at every instant of time. We recall that within the
Lagrangian framework velocities are of particles and properties of particles and not at points in
space. The particles move and properties vary along trajectories. The definition of the velocity
VE of an extensive quantity E was already given by (51).

To facilitate the solution by some numerical technique, let us rewrite (81) and (83) in the special
form:

g 1 DV;,"P__ k s 1 Dgme
[X§+Xp+1_¢Ap "Dt -—(bs“.VVp— ch7+Xc+'1T¢'Ac —ET E 37

k3

1—-¢r Dgye DE
{xc-i—xcRd-F 1_¢ACL Dt = o : VVe
,k g, l—ogr Dg;p
+[¢>S : VVp (xp-%—l_gbAp Dt |, (88)

The solution of the these two equations involves iterations. We recall that, in a numerical scheme
for an unsteady problem, we advance from known values at time ¢ to the new values at time ¢4 At.
Within each time step, the solution is based on iterations, starting from time £, until we achieve
convergence at £ + A¢, In (87) and (88), [ - -]; means the known value of |- - -] at the ith iteration.
The values to be solved for in (87) and (88) are for the ¢ + 1 iteration. In each iteration, once the
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values of the [- - -];-terms are known, one uses one of the known methods of solution developed
for the Eulerian-Lagrangian formulation of field equations. In writing the various [- - -];-terms
as known values, we have eliminated nonlinearities. Furthermore, the two equations become
uncoupled.

VIll. CONCLUSIONS

A general approach has been developed and presented for the Eulerian—Lagrangian formulation of
models that describe the simultaneous transport of any number of extensive quantities in a porous
medium domain that contains multiple multicomponent phases and a deformable solid matrix,
under nonisothermal conditions. In general, a rather large number of state variables is needed in
order to fully describe such a system. However, because of interrelationships that exist among
the various variables, especially under the assumptions of mechanical, thermal, and chemical
equilibria considered here, the number of variables can be significantly reduced. We refer to the
smallest number of variables that is needed in order to fully describe a given system, as number
of degrees of freedom, N F'. These state variables are then called primary variables.

The proposed mathematical model is written in terms of N F preselected intensive quantities
that constitute the set of primary (state) variables of the transport problem. The model contains
coefficients that are related to changes in state variables with respect to the primary ones. They
are derived from the constitutive and thermodynamic relationships that define the behavior of
particular porous media, fluids, and components.

Like in the usual Eulerian model, in the Eulerian-Lagrangian formulation, the model is com-
posed of N I’ partial differential equations, each describing the balance of one of the N F selected
extensive quantities. Each balance equation has the form of a diffusion equation: its Lh.s. rep-
resents temporal changes, expressed as a linear combination of material derivatives of the NF
primary variables of the problem. The r.h.s. expresses the spatial distributions of the same vari-
ables. This takes the form of a linear combination of Laplacians [or div grad (= V'V - operators)]
of the same state variables.

Each material derivative involves a velocity of propagation of the particle of the corresponding
extensive quantity. These velocities are derived as a modification of the phase (mass weighted)
relative velocity, by taking into account heterogeneity in matrix properties (such as permeability
and porosity), fluid and matrix compressibilities, spatial changes in surface tension, etc. They
also involve a term that represents a (downward) vertical velocity component resulting from the
effect of gravity. In some cases, these velocities are affected by gradients in the concentrations
of the primary variables themselves. For example, the velocity \7; is affected by Ve.

In the Eulerian-Lagrangian formulation, the primary (state) variables are not visualized as
ones that vary on a space—time grid, as in a (standard) Eulerian formulation. Instead, we visualize
changes in the state variables associated with particles of extensive quantities as they travel along
characteristic curves (or pathlines). Because (in principle) each extensive quantity is associated
with all primary variables, we have on the Lh.s. of each balance equation, a linear combination
of the material derivatives of all N F intensive quantities that constitute the set of primary (state)
variables of the problem. Accordingly, each material (or hydrodynamic) derivative expresses
the temporal rate of change of one of the primary intensive quantities that is associated with an
extensive quantity of a particle. Thus, we may have a material derivative of the pressure, in which
the latter is propagating at the velocity associated with a mass of phase particle, and a material
derivative of the pressure in which the latter is propagating at the velocity associated with the
mass of a component of a phase particle.
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In the example given in this article, we had two extensive quantitics: mass of a fluid phase
(in a two-phase system) and, mass of a component of the phase, both in the porous medium as a
whole, and two primary variables, pressure and concentration. A balance equation, in the MEL
formulation was written for each of the two extensive quantities. In determining the number of
primary variables, N F', we have already taken into account the fact that Darcy's law (which is
nothing but a simplified averaged linear momentum balance equation for the fluid) is employed
for determining the fluid's (mass weighted) velocity, relative to the solid.

The resulting model is highly nonlinear. The various velocities of propagation of the considered
primary variables depend on the (continuously varying) values of these variables.

The advantage of the MEL formulated mathematical model presented here lies in its numerical
model and in the method of solution of that model.

The EL method of solution has been proven to yield solutions that are free of numerical
dispersion. The latter is inevitable in the MEL extension of the Eulerian-Lagrangian technique
to the general case of a number of primary variables that describe transport in porous media.
There is no difficulty in extending the development to a larger number of primary variables, e.g.,
saturations, temperature, and concentrations of a number of interacting chemical components.
The actual method of solution for such a case will be presented in a sequel article.

List of Main Symbols

ak Primary variable.

Ca Concentration of a component in an a-phase.

e Amount of E per unit volume of porous medium.
E Amount of an Extensive quantity.

DE Coefficient of diffusion of E in an a-phase.

D:F  Coefficient of diffusion of E in porous medium.

D], Coefficient of hydrodynamic dispersion of a E in an a-phase.
E

«—g Rate of transfer of E from the a-phase to the 5-one, across their common microscopic

interface per unit volume of porous medium.
g Gravity acceleration.
h Specific enthalpy.
I Unit tensor.
J’E Dispersive flux of E in the a-phase, due to variations in VZ.
J*E Dispersive flux of E in the a-phase, due to variations in V.
JE_ Sum of diffusive and dispersive fluxes (JF) of E in an a-phase.

JE Macroscopic diffusive flux of E.
k., Effective permeability of an a-phase.
Ké Coefficient for partitioning of a component between the « and the solid in a linear equi-

librium isotherm.
NC  Number of components.
NF  Number of degrees of freedom.
NP  Number of phases.

p Pressure.

Pa Pressure in an a-phase.

Pe Capillary pressure.

do Specific discharge of an a-phase.

Ry Retardation coefficient.
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S, Saturation of an a-phase.

So  Specific storativity of a porous medium.
t Time.

Absolute temperature.

V. Velocity of a fluid relative to the solid.
V. Mass weighted velocity of an c-phase.
V. Velocity of E of an o-phase.

z Vertical coordinate (positive upward).

Greek letters

o Coefficient of solid matrix compressibility.
B5  Coefficient of fluid compressibility.

¥ Symbol denoting a y-component.

7Yap Interfacial tension between o and 3-phases.
I'®  Rate of production of E per unit mass of phase.
o Dynamic viscosity of an a-phase.

1) Porosity.

Po  Mass density of a-phase.

o Stress tensor.

o Total stress tensor.

Effective stress tensor.

T Shear stress. Deviatoric stress.

0,  Volumetric fraction of an a-phase.

x: = (1/e)Oe/partialas.

Subscripts

g Gaseous phase.

£ Aqueous liquid phase.

s Solid.

o a-phase.

B [B-phase. Also, a symbol for all other phases except .

Superscripts

w Water, as a component.
~ ~y-component in a phase.

Special symbols

V - A Divergence of a vector A(=div A).
VA  Gradient of a scalar A(= grad A).

D—f)(t;l Material derivative of (..), as observed by an observer traveling at a velocity V.
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